Quasi-Homogeneous Dynamical Structure Factor for Atomic-Trap Bose
  Condensates by Timmermans, Eddy & Tommasini, Paolo
ar
X
iv
:c
on
d-
m
at
/9
70
73
22
v1
  3
0 
Ju
l 1
99
7
Quasi-Homogeneous Dynamical Structure Factor for Atomic-Trap
Bose Condensates
Eddy Timmermans and Paolo Tommasini
Institute for Theoretical Atomic and Molecular Physics
Harvard-Smithsonian Center for Astrophysics
Cambridge, MA 02138
(October 23, 2018)
Abstract
The essence of the Thomas-Fermi model is the assumption that the local
behavior of a many-body system can be approximated by that of a homoge-
neous system. In this paper, we present the natural extension of the static
Thomas-Fermi treatment of dilute Bose condensates, by describing the dy-
namical behavior of the condensate in the same quasi-homogeneous approxi-
mation. In particular, we calculate the dynamical structure factor S(q, ω) of
a low-temperature condensate, confined in a harmonic oscillator trap. The
result is a remarkably simple analytical function, which, with the proper inter-
pretation, gives a powerful and insightful description of the scattering prop-
erties of the BEC-system.
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I. INTRODUCTION
The achievement [1]– [3] of the long-elusive [4] goal of atomic Bose-Einstein condensation
has set the stage for exciting applications, such as tests of fundamental mean-field theories
[5] and the atom laser [6]. The engineering problems associated with most applications
are generally less severe if the condensate is highly populated and it might be necessary to
create ‘larger’ condensates before a practical use of atomic-trap BEC can be demonstrated.
Regarding this point, we note that recent experiments (see for example Ref. [7]) report a
significant increase in number of condensed atoms. Thus, the ‘large condensate’ or ‘Thomas-
Fermi’ limit, aside from its convenient simplicity, is also of great importance from a practical
point of view.
The essence of the Thomas-Fermi model is the ‘quasi-homogeneous picture’, which is the
assumption that the behavior of a condensate near a position r, can be approximated by
that of a homogeneous BEC with chemical potential equal to the local effective chemical
potential:
µ(r) = µT − V (r), (1)
where µT is the chemical potential of the trapped condensate and V (r) the trapping po-
tential. Although many authors [8]– [17] have explored the physics and the limits of this
description, most efforts have been limited to the static description of a dilute BEC. In
fact, the few studies that have calculated dynamical properties [16]– [17] starting from a
Thomas-Fermi description, have gone beyond the quasi-homogeneous picture in order to ob-
tain a discrete spectrum. This allowed the description of interesting effects due to the finite
size of the system, but caused the formalism to lose some of the simplicity of the straight-
forward quasi-homogeneous description. Perhaps, the inability of the quasi-homogeneous
description to calculate such finite-size effects is to be blamed for the lack in the literature
of a simple quasi-homogeneous treatment of the dynamical BEC structure.
In this paper, we present such treatment, and investigate the limits and restrictions
inherent to the model. The simplicity of the results, combined with a proper understanding
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of the limits, gives a powerful formalism that can be used to interpret experimental data, as
well as to check certain limits of more complicated computational schemes. Furthermore, the
insight gained from studying the limits of validity, indicates how experimental data taken
from a finite-size system can be interpreted in terms of the homogeneous system.
The quantity that we choose to calculate is the dynamical structure factor, which rep-
resents the information content of non-resonant scattering data about the dynamical many-
body structure of the scattering system. More relevant to the atomic-trap BEC-systems,
resonant light scattering gives a cross-section which in the off-resonant limit is also propor-
tional to the dynamical structure factor [19], [20], [21]. More precisely, the single-scattering
differential cross section d2σ/dΩdω, where dΩ is an infinitesimal solid angle and ω the energy
transfer (h¯ = 1 in our units), is equal to
d2σ
dΩ dω
= |f(q)|2S(q, ω) , (2)
where q is the momentum transfer, S(q, ω) the dynamical structure factor of the many-body
scattering system, and f(q) the scattering length that describes the scattering of an incident
particle by an individual target particle. For non-resonant scattering, the scattering length
can depend explicitly on the momentum transfer, whereas for off-resonant light scattering
the scattering length is the large-detuning limit of the usual single-atom resonant scattering
length (∼ λγ/∆, where λ is the inverse of the resonant wave number, γ the width of the
excited resonant state and ∆ the detuning of the incident light).
The structure factor is the Fourier-transform of the density-density correlation function,
S(q, ω) = (2pi)−1
∫
d3x d3x′dt′ exp [−iq · (x′ − x)− ωt′] 〈ρˆ(x′, t′)ρˆ(x, 0)〉 , (3)
where ρˆ represents the density operator and 〈 〉 denotes the thermally averaged expecta-
tion value. A substitution of the spatial integration variables in (3) to sum and difference
variables, R = [x + x′] /2 and r = x′ − x, gives
S(q, ω) =
∫
d3R σ(R;q, ω)
where σ(R;q, ω) = (2pi)−1
∫
d3r dt′ exp [−i(q · r− ωt′)] 〈ρˆ(R+ r/2, t′)ρˆ(R− r/2, 0)〉 (4)
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is a dynamical structure factor density. In the quasi-homogeneous approximation, we replace
the correct structure density by σ
(hom)
µ(R) (q, ω), its value for a homogeneous system of chemical
potential µ(R):
S(q, ω) ≈ STF (q, ω) =
∫
d3R σ
(hom)
µ(R) (q, ω) , (5)
which leads to an analytical expression, as we show below.
II. HOMOGENEOUS BEC IN THE BOGOLIUBOV APPROXIMATION
In treating a homogeneous system, the natural choice for a single-particle basis is the set
of plane wave states, labeled by their wave vector/momentum k. Describing the interparticle
interaction in the shape-independent approximation by means of a scattering length a, the
second-quantized Hamiltonian operator reads
Hˆ =
∑
k
(k2/2m− µ)c†kck +
λ
2V
∑
k,k′,q
c†k+qc
†
k′−qck′ck (6)
where we have included the chemical potential µ, λ = 4pia/m, V denotes the macroscopic
volume of the system, and c, c† represent the annihilation and creation operators.
For the purpose of describing the static properties of a BEC of N atoms with a coherent
condensate of an average of N0 atoms in the k = 0-mode, we can replace ck=0 and c
†
k=0 by
√
N0. Provided the depletion is low, (N − N0)/N ≪ 1, we can neglect terms that contain
less than two factors of
√
N0. In this approximation, only valid for dilute (na
3 ≪ 1) and low
temperature Bose condensates (kBT < λn0, where n0 is the condensate density, n0 = N0/V ,
T the temperature and kB the Boltzmann constant), the hamiltonian is phonon-like:
Hˆ ≈ V (−µn0 + λ
2
n20) +
∑
k 6=0
(k2/2m− µ+ n0λ)c†kck +
n0λ
∑
k 6=0
(
c†k + c−k
)
√
2
(
c†−k + ck
)
√
2
. (7)
The free energy of the system, F , also contains the entropy, which we denote by S, and F
is equal to [22] F = 〈Hˆ〉 − TS.
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To lowest order, consistent with the assumption of low depletion, we can approximate
the expectation value of Hˆ by the first term of (7)
〈Hˆ〉 ≈ V (−µn0 + λ
2
n20) , (8)
and determine the chemical potential by minimizing F with respect to n0, giving
µ ≈ n0λ . (9)
To determine expectation values involving non-zero wavenumbers, we return to (7) with (9).
In doing so, we also find it useful to introduce Hermitian operators
Φk =
(
c−k + c
†
k
)
√
2
,
Πk =
(
ck − c†−k
)
i
√
2
, (10)
which represent the fluctuations of the density and velocity field [23]. The canonical boson
commutator relations such as
[
c†k, ck′
]
= δk,k′, are equivalent to the requirement that Φk
and Πk are canonically conjugate: [Φk,Πk′ ] = iδk,k′ . With the fluctuation operators the
Hamiltonian takes on the following form:
Hˆ =
∑
k
(k2/2m)
1
2
(ΦkΦ−k +Π−kΠk) + µΦkΦ−k . (11)
In obtaining (11), we have neglected a constant term, unimportant in describing the behavior
of the system.
At this point, we invoke the quasi-particle concept and introduce quasi-particle fluctua-
tion operators Φ
′
k,Π
′
k, defined as in (10) with the particle creation and annihilation opera-
tors replaced by quasi-particle creation and annihilation operators. We cast the Bogoliubov
transformation between particle and quasi-particle operators in terms of the fluctuation op-
erators. It can be seen that this transformation cannot mix Π and Φ operators because of
time reversal symmetry. Indeed, the density fluctuation expectation value of a time-reversed
state is equal to the expectation value of the state, whereas the expectation value of the
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velocity-field fluctation changes sign. The only transformation that preserves canonicity is
then a simple ‘scaling’ transformation:
Φk = αk Φ
′
k ,
Πk = α
−1
k Π
′
k , (12)
which is the Bogoliubov transformation in fluctuation operator notation. We choose α real
so that all Φ and Π-operators are Hermitian. In addition, the isotropical nature of the
system suggests that the scaling parameter αk should only depend on the magnitude of the
momentum, αk = αk. The value of the scaling parameter is determined by minimizing the
free energy with respect to αk. In computing the expectation value of the hamiltonian op-
erator, the temperature average of the fluctuation correlations depend on the quasi-particle
occupation numbers νk, 〈Π′kΠ′−k〉 = 〈Φ′−kΦ′k〉 = (1 + 2νk)/2:
∂F
∂αk
=
∂
∂αk
[[
1
2
(α2k + α
−2
k )(k
2/2m) + µα2k
]
(1 + 2νk)
2
]
= 0 , (13)
although the occupation numbers cancel out in optimizing αk and we find
α2k =
k2/2m
Ek
, (14)
where Ek denotes the usual Bogoliubov dispersion relation, Ek =
√
(k2/2m+ µ)2 − µ2.
Unlike αk, expectation values of observable quantities do depend on the quasi-particle occu-
pation numbers νk = (exp[βEk]− 1)−1. In the last line of (14) we display the square of the
scaling parameter, because α2 is the quantity that appears in the expression for the dynami-
cal structure factor, 〈ρˆ−qρˆq〉 ≈ n20δq,0+n0〈Φ−qΦq〉 = n20δq,0+n0α2q〈Φ′−qΦ′q〉. Consequently,
we find for the dilute homogeneous BEC of low depletion, the following expression for the
dynamical structure factor density:
σ(hom)µ (q, ω) ≈ α2qn0 (2pi)−1
∫
dt′ exp(iωt′)〈Φ′−q(t′)Φ
′
q(0)〉
=
q2/2m
Eq
n0 [(1 + νq)δ(ω −Eq) + νq δ(ω + Eq)] , (15)
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which is the low-temperature generalization of the well-known zero-temperature result [24].
Note that the dependence on the occupation numbers of (15) is reminiscent of stimulated
and spontaneous photon emission.
III. THOMAS-FERMI DYNAMICAL STRUCTURE FACTOR
We calculate the structure factor S(q, ω) in the quasi-homogeneous approximation (5),
using the above derived result (15) for the homogeneous BEC. In this manner we find
STF (q, ω) =
∫
d3R σ
(hom)
µ(R) (q, ω)
=
∫
d3R n0(R)
q2/2m
ω
[[1 + νq(R)] δ (ω − Eq(R))− νq(R)δ (ω + Eq(R))] , (16)
where the position dependence of ωq(R) and νq(R), defined as
Eq(R) =
√
(q2/2m+ µ(R))2 − µ2(R) ,
νq(R) =
1
exp [βEq(R)]− 1 , (17)
stems from the R-dependence of the effective chemical potential µ(R). We remark that in
the quasi-homogeneous description, the phonon-like (or collective mode-like) delta-peak in
the spectrum (16), implies that the energy and momentum transfer, ω and q, determine the
spatial condensate region that is probed: the positions R for which Eq(R) = ω.
We perform the spatial integration of Eq.(16) for the simple example of a spherically
symmetric harmonic oscillator trap with potential V (R),
V (R) =
ωT
2
(R/L)2 , (18)
where ωT is the trap frequency and L the extent of its single-particle ground-state, L =
1/
√
mωT . The Thomas-Fermi expression for the condensate density in the low-depletion
limit is easily obtained from the homogeneous result, λn0 ≈ µ (9), which gives the following
quasi-homogeneous expression for the condensate density n0(R):
n0(R) =
µ(R)
λ
=
[µT − V (R)]
λ
θ(R− R0) . (19)
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The condensate radius R0 ( V (R0) = µT , or R0 = L
√
2µT/ωT ), is determined from the
condition that the integral of the density is equal to N, R0 = L(15aN/L)
1/5, where we
have neglected the depletion [26]. Spherical symmetry reduces the integral (16) to a one-
dimensional integral over the radial distance R. Finally, we substitute R by the effective
chemical potential µ,
R = R0
√
1− µ/µT . (20)
In carrying out this substitution, we replace n0 by µ/λ and the delta functions by
δ(ω ± Eq)→ δ (µ− µq(ω)) |∂Eq/∂µ|−1 , (21)
where µq(ω) is the effective chemical potential in the region where Eq or −Eq equals ω,
µq(ω) =
1
2
[
ω2
q2/2m
− q
2
2m
]
, (22)
and ∂Eq/∂µ = q
2/2m/Eq. The resulting expression for the dynamical structure factor is
simple:
STF (q, ω) =


1
2ωT
(
R3
0
aL2
)
µq(ω)
µT
√
1− µq(ω)
µT
×
(
1 + 1
exp(βω)−1
)
if ω > 0 and 0 < µq(ω) < µT
1
2ωT
(
R3
0
aL2
)
µq(ω)
µT
√
1− µq(ω)
µT
×
(
1
exp(β|ω|)−1
)
if ω < 0 and 0 < µq(ω) < µT
0 otherwise ,
which is the main result of this paper. In Fig. 1, we show the dynamical structure fac-
tor as a function of energy transfer, for a fixed scattering angle or momentum transfer q
corresponding to q2/2m = 0.1µT . The temperature of the condensate is different for each
curve, kBT = 0 (dot-dashed curve), 0.3µT (dashed curve) and 0.5µT (solid line). Notice
that the ratio of the intensities distributed over positive and negative transfer energies,
is sensitive to the temperature. Indeed, (23) satisfies the principle of detailed balance:
S(q, ω) = exp(βω)S(−q,−ω), which is a general result [25]. This temperature dependence
implies that scattering experiments can directly measure the temperature of the atomic-trap
condensates simply by comparing the scattered intensities at ω and −ω energy transfer,
T = ω/kB
ln[S(q,ω)/S(−q,−ω)]
.
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IV. DISCUSSION OF LIMITS OF VALIDITY
Although the results of this paper are limited to dilute condensates of low depletion,
the quasi-homogeneous description has a much broader range of validity. One necessary
condition for the validity of the dynamical quasi-homogeneous description, is the validity of
the static Thomas-Fermi model. In the low temperature region discussed in this paper, this
amounts to the requirement that the size of the condensate exceeds the extent of the ground
state, R0 >> L, or equivalently, µT >> h¯ωT ( [14], [15], [27]). Furthermore, approximating
the structure density σ(R;q, ω) by the value of the homogeneous system is only sensible if
the spatial variations of the BEC are imperceptible in the region probed by σ(R;q, ω), i.e.
if q > l−1v , where lv is the scale on which the condensate varies spatially. For example, for
a harmonic oscillator trap, we could choose lv ≈ R0/3 since µ(R) varies by approximately
10 % from the middle of the trap to R = R0/3. The resulting restriction, q > l
−1
v , requires
a scattering angle larger than the scattering angle for coherent scattering q ≤ R−10 , so that
the quasi-homogeneous model is only useful in describing incoherent scattering. Finally, we
note that long-time fluctations, even on short distances, are affected by the finite size effects.
Roughly speaking, if a localized perturbation creates an excitation that lives long enough to
propagate to a region of different density and reflect back to the position of origin, then one
should describe the fluctuations in terms of discrete harmonics or eigenstates of the finite
system. The quasi-homogeneous description is valid either if the lifetimes of the excitations
are sufficiently small so that the reflected excitation is damped out, or, if the scattering
data probe the fluctuations only over time periods less than tv, the time needed for the
reflected excitation to return. The restriction to short-time fluctuations can be achieved by
using an energy resolution for the transfer energy that is less than or equal to ∆ω ∼ t−1v . We
estimate tv by assuming that the wave front of the excitation propagates at the local velocity
of sound, c =
√
µ/m, and we equate tv to the time necessary for the wave front to travel a
distance lv, tv ∼ lv/c. In the middle of the trap, c = ωT ×R0/
√
2, so that tv ∼ lv/R0ωT and thus
∆ω ∼ t−1v ∼ ωT×(R0/lv). We conclude by stating that the above considerations indicate that
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the Thomas-Fermi dynamical structure factor, as a function of the energy transfer, should
be interpreted as a ‘smooth’ version of the measured structure factor and that we should
compare intensities integrated over frequency intervals larger than or equal to ∆ω. In reality,
the estimate of ∆ω depends on the region of the condensate that is probed, which in turn
is determined by the value of the energy and momentum transfer. The middle of the trap,
which is probed on the high–frequency side for |ω| (|ω| near
√
(q2/2m + µT)2 − µ2T ) requires
the lowest value of ∆ω (estimated above), whereas on the low frequency-side, |ω| ∼ q2/2m,
the edge of the condensate is probed, where the quasi-homogeneous description cannot be
trusted and ∆ω →∞.
V. ACKNOWLEDGMENTS
P.T. was supported by Conselho Nacional de Desenvolvimento Cientifico e Tecnologico
(CNPq), Brazil. The work of E.T. is supported by the NSF through a grant for the Institute
for Atomic and Molecular Physics at Harvard University and Smithsonian Astrophysical
Observatory.
10
REFERENCES
[1] K. B. Davis, M. -O. Mewes, M. R. Andrews, N. J. van Druten, D. D. Durfee, D. M.
Kurn, and W. Ketterle, Phys. Rev. Lett. 75,3969 (1995).
[2] M. H. Anderson, J. R. Ensher, M. R. Mathews, C. E. Wieman, and E. A. Cornell,
Science, 269, 198 (1995).
[3] C. C. Bradley, C. A. Sackett, J. J. Tollett, and R. G. Hulet, Phys. Rev. Lett. 75, 1687
(1995).
[4] T. J. Greytak and D. Kleppner, course 11 in New Trends in Atomic Physics , Les
Houches, G. Grynberg and R. Stora, Eds., Elsevier Science Publishers, B. V. (1984).
[5] A. Griffin, D. Snoke and S. Stringari, Eds., Bose − Einstein Condensation, (Cambridge
Univ. Press, Cambridge (1995).
[6] M. Holland, K. Burnett, C. Gardiner, J. I. Cirac, and P. Zoller, Phys. Rev. A, 54, R
1757 (1996).
[7] M. R. Andrews, C. G. Townsend, H. J. Miesner, D. S. Durfee, D. M. Kurn and W.
Ketterle, Science, 275, 640 (1997).
[8] V. V. Goldman, I. F. Silvera, and A. J. Leggett, Phys. Rev. B, 24, 2870 (1981).
[9] V. Bagnato, D. E. Pritchard and D. Kleppner, Phys. Rev. A, 35, 4354 (1987).
[10] J. Oliva, Phys. Rev. B 39, 4197 (1989).
[11] T. T. Chou, Chen Ning Yang, L. H. Yu (cond-mat/9602133).
[12] T. T. Chou, Chen Ning Yang, L. H. Yu (cond-mat/ 9605058).
[13] G. Baym and C. Pethick, Phys. Rev. Lett. 76, 6 (1996).
[14] Dalfovo, Pitaevskii and Stringari, Phys. Rev. A, 54 4213 (1996).
11
[15] E. Timmermans, P. Tommasini, K. Huang, cond-mat/9609234 , to be published in Phys.
Rev. A.
[16] W.-C. Wu and A. Griffin, Phys. Rev. A, 54 4204 (1996).
[17] A. Csordas, R. Graham, and P. Szepfalusy, Phys. Rev. A, 54, R2543 (1996).
[18] L. Van Hove, Phys. Rev. 96, 249 (1954).
[19] J. Javaneinen, Phys. Rev Lett. 75, 1927 (1995)
[20] J. Javaneinen and J. Ruostekoski, Phys. Rev. A, 52, 3033 (1995).
[21] Near resonance, the resonant scattering cross-section becomes dependent on the recoil
of the excited atom, as well as the momentum absorbed by the Bose-condensed system
in the intermediate state: E. Timmermans and P. Tommasini, submitted to Phys. Rev.
Lett.
[22] P. Tommasini and A. de Toledo Piza, Ann. Phys., 253, 198 (1997).
[23] E. M. Lifshitz and L. P. Pitaevskii, Statistical Physics , Part 2 , Volume 9 of
Course of Theoretical Physics , Landau and Lifshitz, Pergamon Press (1980).
[24] D. Pines and P. Nozieres, The Theory of Quantum Liquids , Volume II, Addison-Wesley
Publishing Company, Inc. (1989).
[25] D. Pines and P. Nozieres, The Theory of Quantum Liquids , Volume I, Addison-Wesley
Publishing Company, Inc. (1989).
[26] For a systematic study of the depletion in the quasi-homogeneous description at zero
temperature, see Ref.[15].
[27] Y. Kagan, G.V. Shlyapnikov, and J.T.M. Walraven, Phys. Rev. Lett. 76, 2670 (1996).
12
Figure Caption
Figure 1: Plots of the Thomas-Fermi dynamical structure factor as a function of the en-
ergy transfer ω, for fixed momentum transfer q, q2/2m = 0.1µT . The three curves show
the results at different temperatures, kBT = 0 for the dot-dashed line, kBT = 0.3µT for the
dashed curve, and kBT = 0.5µT for the plot shown in solid line.
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